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Abstract

We analyze the solutions of the Schrédinger equation with the low frequency initial data
and a time-dependent weakly random potential. We prove a homogenization result for the low
frequency component of the wave field. We also show that the dynamics generates a non-trivial
energy in the high frequencies, which do not homogenize — the high frequency component of the
wave field remains random and the evolution of its energy is described by a kinetic equation.
The transition from the homogenization of the low frequencies to the random limit of the high
frequencies is illustrated by understanding the size of the small random fluctuations of the low
frequency component.

1 Introduction

We consider the Schrodinger equation
1
10 p(t, ) + §A¢(t, x) —eV(t,x)p(t,z) =0 (1.1)
with a low frequency initial condition of the form

¢(0,z) = o(e"x), (1.2)

with some a > 0. Our goal is to analyze the long time behavior of ¢(t,z), and understand the
energy transfer from the low to high frequencies that comes about from the inhomogeneities in the
random media.

We define the Fourier transform of f as

f) = | e paaa,

and assume that V (¢, z) is a stationary mean-zero Gaussian random field with a spectral represen-
tation

Z’pv{EV(t7dp)
Vit,z) = /Rde o (1.3)
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Here V(t, dp) is the stochastic measure and V(t, dp) = V*(t, —dp), so V is real-valued. Its covariance
function and power spectrum are

R(t,z) =E{V(s,y)V(s+t,y + )}, R(w,) = / R(t,z)e” %2 dtdy.
Rd+1
The spatial power spectrum (the Fourier transform of R(¢,x) in x only) has the form
R(t,&) = / R(t,z)e” % dx = e 8O R (), (1.4)
Rd

where R(¢) € L'(R?), and the spectral gap g(€) > 0, so that

- 2g(§)R(S)
R(w,§) = ————=. 1.5
(.6 = 3 oy (1.5
By Bochner’s theorem, we have R, R > 0. Throughout the paper, we assume that
Blp) LY(RY) N L (RY). (1.6)

)

=2
S

The compensated wave function

The standard approach to an understanding of the behavior of the solutions of the weakly random
Schrédinger equation is in the context of the kinetic limit [l [7, B, 12 [l 1Tl [5], through the study
of the Wigner transform of the solution (the phase space resolved energy density) [9]. Our work
here is closer in spirit to [4, [I0] that focused not on the weak limit of the energy density of the
solution but on the strong limit of the wave field itself. In order to motivate the “correct” way to
this end, let us mention that after a long time the phase of the wave field acquires a large factor:
for instance, setting V' = 0 in (I.I]) leads to an explicit expression

(t, &) = e HIPH24(0, ¢)

for the Fourier transform of the solution. Thus, a convenient object in the context of long time
behaviors is the compensated wave function

A~

b(t,€) = P24t ), (1.7)

which eliminates the deterministic component of the phase. This procedure is also known as phase
conjugation in the engineering and physical literature. The surprising miracle is that after this
simple-minded phase compensation, the wave field has a non-trivial limit.

Loose end #1: the high frequency initial data

We first describe the results of [4] obtained when the initial data for (II]) is not slowly varying:

¢(07x) = ¢0($)7



that is, « = 0 in ([.2)). Let us set

_ 2R(p) B
D8 = Gy e g DO~ f Do e
It is straightforward to check that
_ 2R(p)a(p) R
B O R (e B e e B G

One of the results of [4] is that if

R

) ¢ o,

g(p)
then on the time scale t ~ 72, the compensated wave function corresponding to the initial data
with o = 0 converges pointwise in distribution to a Gaussian random variable:

t ilg|2¢

(5(6_27 )6 262

= o(€)e 2PO 1 Z(1,¢). (1.10)
Here, Z(t,£) is a centered, complex valued Gaussian with the variance
E{|Z(t,€)2} = W(t,€) — |do(&)[2e~RPEN. (1.11)

The function W solves a (space-homogeneous) kinetic equation

= [ PP
atVV— RdR( D) P g)(W(tvp) W(t,f))

dp
(2m)’

(1.12)

with the initial condition . R
W(0,€) = |o(&)[*.

This result is consistent with the aforementioned “traditional” kinetic equation approaches.

Loose end #2: homogenization of the very low frequencies

The results in the high frequency regime (o = 0) should be contrasted with the analysis of Bal and
Zhang in [13] [14] for the case o = 1 in ([[.2)), performed for time-independent potentials. For the
initial value problem

iy + %A(b —eV(x)p =0, (1.13)
9(0,z) = ¢o(ex),

with a mean-zero Gaussian random potential V'(x), they have established a homogenization result:

e o5



converges in probability, as € — 0 to a deterministic limit ¢(¢,z), which satisfies the Schrodinger
equation

iy + %A& — V¢ =0, (1.14)
¢(0,2) = do(x).

The effective potential is constant and is given by

v / R(p)dp
R4 \P’

Let us mention that the choice @ = 1 is special, as then the overall phase of the solution at the

times t ~ 72 is

t
<el = 01,

so that no phase compensation is needed.

Homogenization of the low frequencies

Summarizing the above results, while solutions of (IIl) with the high frequency initial data have
a random limit on the time scale t ~ ¢72, as in ([LI0), solutions with the “very slowly varying”
initial data as in (LI3]) are homogenized on this time scale — their limit is deterministic. The first
goal of this paper is to understand where the transition between the two regimes occurs — this is
the motivation for introducing a general & > 0 in ([L2]). It will turn out that the homogenization
result (formulated for the compensated wave function) holds for all & > 0 — that is, no matter
how “relatively high” the low frequency of the initial condition is, solution has a deterministic
limit at times ¢t ~ ¢~2. However, we will see that, unlike in the setting of [I3, [14], the temporal
fluctuations of the random potential lead to an effective potential with a non-trivial imaginary part.
This means that the homogenized field loses mass in the limit. This loss of mass is attributed to
the energy transfer to the high frequencies, which, as we show, account for the mass missing in the
low frequencies, do not homogenize, and satisfy a kinetic type limit. We also analyze the random
fluctuations of the low frequency component of the wave field and characterize the corrector to the
homogenized limit.

More precisely, we consider the Schrodinger equation
1
10p(t, x) + §A¢(t, x) —eV(t,x)p(t,z) =0 (1.15)

with a low frequency initial condition

@(0,33‘) = ¢0(’{$)7 (116)
with x < 1. The Fourier transform of the initial condition is
7 _ - (&
3(0,€) = k™30 (2).



Thus, if the function ¢g(€) is of the Schwartz class, ¢(0,£) is concentrated on the wave vectors & of
the size O(k). While the Schrédinger equation with a time-dependent potential conserves the total
mass:

MO = [ ota)Pie = [ 160.2)%d (117)
the total energy
E(t):/ (V62 + eV |6 dz (1.18)
R4

is not conserved, unlike for time-independent potentials. Thus, even if the mass is initially concen-
trated in the low wave numbers, after a long time evolution it may spread to O(1) frequencies as
well. As the potential is weak, the time it takes for the mass to spread over a range of frequencies
will be long.

We consider the long time behavior of the solution, on the time scale of the order t ~ 72,

when the effect of the weak random potential will be non-trivial. We will first consider the “low
frequency” rescaled compensated wave function:

in2]€)%e

Uelt,€) = K13( 5, mE)e "o (1.19)

with the initial data ¢.(0,&) = gz@o(é). This allows us to study the low frequency component of
the solution — wave numbers of the order O(k). A straightforward computation shows that this
function is a solution of the following integral equation

e%dp SR (216~ 212) 355 p
Ve(t, &) = Ze/ /Rd T,Zig(s,é—g)ds. (1.20)

We have the following result for the low frequencies.

Theorem 1.1. Assume that k = e* with o > 0. Then, for fired t > 0 and & € R?,

Ye(t,6) = (L, &) = q@o(é)e_%D(O)t in probability as € — 0. (1.21)

Let us stress that £ = O(1) in the argument of the function . (¢, ) corresponds to £ = O(k) in
the argument of the function ¢ — Theorem [[.1] addresses the evolution of the low frequencies of the
solution of the Schrédinger equation with a slowly varying initial condition. Recall that

B 2R(p)
p©)= [ @) + P/ ™

and, as g(p) > 0, we have ReD(0) > 0. Therefore, the passage to limit ¢ — 0 in (L2]]) induces a
loss of the L?(RY) norm: while

(1.22)

[9(t, )2 = [|dol| L2,
as can be seen simply from the definition of ¢, (¢, &), we have
(¢, )z = ldollp2e RPOF2 < i go] 2.

The natural question is how does the loss of mass happen, and where does the mass go? Mathe-
matically, there is no contradiction, as we will show the convergence in Theorem [[T] is not uniform



with respect to ¢ € R From a physical point of view, as we have mentioned, the time dependence
of the random potential breaks the conservation of the energy ([LIS8]), which allows the mass to
escape to the high frequencies. Let us mention that in the time-independent case [2], where the
conservation of the energy prevents the escape of mass from the low frequencies, it is shown that
the mass is conserved as well.

Generation of the high frequencies

We now investigate the generation of the high frequencies in the above setting. Once again, we
consider the solution ¢(t, ) of (LIH]) with the initial data (I.I6]). We stress that in all our results the
initial condition ([LI6]) is the same — various rescalings in Theorem [[.T]above and Theorems [2] [[3]
and [L4] below correspond to zooming into various frequency ranges in the same solution. Our next
goal is to understand how the mass escapes from the low frequencies (those of the initial condition)
to the high frequencies, generated by the interaction with the random potential. As we are now
interested in the high and not the low frequencies, we define the compensated wave function not

quite as in (I9]), but as
1\5\2

U (t,€) = ﬁ2¢(— {)e 22 (1.23)
so that the frequency is not rescaled. The initial condition for W, is
U.(0,€) = ko (&/k).

The pre-factor £%2 in ([L23)) is chosen so that we get a non-trivial limit. This function solves the
integral equation

Vo (t,€) = d/2¢o Zs/ /Rd EP=EPPaz g (s, ¢ — p)ds. (1.24)

The following result explains the loss of mass observed in Theorem [l and tracks the generation
of the high frequencies.

Theorem 1.2. Assume that k = € with o > 0, then for fized t > 0 and £ # 0, we have
U (t,&) = Z(t,€) in law as € — 0,

where Z(t,€) is a centered, complex valued Gaussian random variable. Its variance Wg(t,f) is the
solution of (LIZ) with the initial condition W5(0,€) = ||dol|25(€).

The variance Wg(t, €) can be explicitly written as a series expansion

Wi(t, €) = Wap(t, €) + Wis(t,€), (1.25)

with the ballistic part - X
Wsb(t,€) = [|dol|e"RPO15(¢),



and the scattering part

[ k
Wss(t,€) = Z ”QbOH%/ dv/kd dpHe—(vj—ij)ReD(E—...—Pj)
k=1 0 R §=0

=vp41 v <. <v1<vo=t

k
x [[ReD(Pj, 6 —... = P1)0(§ = Py — ... — Py).
j=1

Let us mention that /Wg(t, € = /W578(t, €) when £ # 0, that is, only the scattering part contributes
to the variance in Theorem We also observe

[ st €1 = e PO

which equals to the mass of the low frequency waves.

Theorems [I.I] and describe the dynamics of (LLI]) on different scales of the frequency do-
main. In the former case, the low frequencies are zoomed in, and we find a deterministic evolution
(homogenzation). In the latter, we track the high frequency component of the solution, so that the
low frequency initial condition shrinks to a point source at the origin, which generates the high
frequency waves.

The fluctuation analysis in homogenization regime

We now return to the analysis of the behavior of the low frequencies. According to Theorem [I.T]
the compensated wave function homogenizes for the low frequencies, hence the next interesting
object is the fluctuation, which we define as

Ue(t,€) = — (08, €) ~ B{u-(£ ).

Here, 1.(t, &) is defined as in (LI9]). Heuristically, since the homogenization limit in Theorem [
captures the ballistic component of the wave field, we expect small random fluctuations consisting of
the remaining scattering components. Indeed, we will see that the fluctuation exhibits a kinetic-like
behavior. Let us set

0 if « € (0,1),
t R R -
Walt,€) = { —D(0,0)e” 20" /0 /]R [ O0(& = p)do(€ +p)e” P Mdpdy if o =1, (1.26)
~D(0,0)te= PO / S0 — p)do(€ + p)dp ifa> 1.
Rd

Theorem 1.3. Assume that k = €%, then for fized t > 0 and & € R%, we have
Z/[g(t,f) = Z5(t7§) = X5(t7§) + Z}%(taf) as € — O;
where X5, Ys are centered, jointly Gaussian random variables such that

E{|Z5(t, )]} = W 4(t,0),

7



and

E{Zé(ta 5)2} = Woc(tv g)

Therefore, we can write

Ve(t,§) = E{v(t,§)} + /{d/zus(tvg),

and Theorem shows that when k = £, with a < 1, the fluctuation U.(t, &) is approximately
distributed as Zs(t,0), a centered complex Gaussian random variable with variance W&s(t, 0). This
is similar to the result of Theorem for the high frequency, albeit the variance is now given by
the transport solution evaluated at the origin £ = 0, since we are now in the low frequency regime.
If we let @ — 0 (which is the same as k — 1, so that the initial condition is less and less slowly
varying), then, formally, 1. (¢, &) is distributed as

do(&)e 2P0 1 75(t,0),

which is consistent with (LIQ). That is, Theorem [[.3] also interpolates between the deterministic
limit for the low frequencies and the random behavior of the high frequency component of the
solution.

The Wigner transform of the random fluctuation

Besides the pointwise fluctuation for a fixed £ € R?, we also consider the fluctuation of ¥.(,£) as
a wave field. The tool we use is the Wigner transform for some 5 > 0:

By 4
Wa(t,2,€) = / Ut €+ 5 )u (1.6 = e o (1.27)
Let W5 be the solution to the kinetic equation
|117|2 |5|2 = = dp
oW +¢-V, W = | R(———2p =W (t,z,p) = W(t,8) =7 (1.28)
R4 2 (27T)
with the initial condition B R
W5(07 Z, 5) - |’¢0H%(5(§)5($),
and Wg,b, W&S be the ballistic and scattering component of Wj, respectively:
Wé,b(t7 z, g) = ||¢§0‘|%5(£)5(x)e_ROD(O)t7
and
k
Wgs t € f ¢0 / d?}/ dP e—(vj—vj+1)ReD(§—.__—Pj)
Z | H2 0=vp 11 <vp<...<vr1<wo=t RFd };J(:)
k
X HReD(Pj,f — = P)d(§ = Pu— . = Po)d(x — 4> Pyuy),
- j=1



Theorem 1.4. Assume that k =%, a € (0,1) and a+ = 2, then for any test function p € S(R??)
andt >0,

Wit )" (@, )dud — [ | W (t,2,0)¢" (2. €)dnde

R2d
in probability as € — 0.

As Theorem [I1] indicates that the ballistic component of transport solution gives the low
frequency behavior, we conclude from Theorems and [[4] that the small random fluctuations are
described by the scattering component of the solution of the kinetic equation.

This paper is organized as follows. First, in Section [2] we present the Duhamel expansion and
the corresponding diagrammatic expansions and the moment estimates that are needed for the
proofs of all theorems. Section B contains the proof of Theorem [[.Jl Theorem is proved in
Section Ml Finally, Theorems and [[4] are proved in Section [l

Acknowledgment. This work was supported by an AFOSR NSSEFF Fellowship and NSF
grant DMS-1311903.

2 The Duhamel expansion and the moment estimates

Theorems [[.1] I-2] 23] and 4] are all proved using the moment method. For the convergence

e (t,€) = do(&)e 2P0,

in probability (Theorem [L1)), it suffices to show the convergence of E{v.(t,&)} and E{|¢.(t,€)|?}
to their respective limits. For the convergence in law of W.(¢,§) and U.(t,§) to a Gaussian in
Theorems and [[3] respectively, we need to show the convergence of the corresponding mo-
ments E{W.(t, )M (Wx(t,£))N} and E{U(t, )M (U (t,£))N} for any M, N € N to their respective
limits, which makes the analysis slightly more computationally heavy. In this section, we perform
the preliminary moment estimates that are needed in the proofs of the theorems.

The Duhamel expansions

All moment estimates rely on the Duhamel expansions that we now recall. From now on, we
will set k = ¢®. For the low frequencies, we can iterate the integral equation (20 for the
function 9. (¢, &), and write the solution as a series

n=0
with the individual terms

1 L f/ ,dp o ag g(n) ,(n) + ...
fet,€) = (ZE)/A / H e2 i) giGin e p) 2 (¢ LY T Pn



and the phase factor

Gn(&, s p™) ="l —pr— ... =i P =1 —p1— - .. —pk|2)8_2k- (2.3)

k=1

Here, we used the convention fy(¢,&) = ég(f), and have set py = 0, p® = (p1,---,Pn), as well
as s = (s1,...,5,). We have also defined the time simplex

Apt) ={0< s, < ... <51 < th.
For the high frequencies, the solution W (¢, &) to (L24) is similarly written as
&)=Y Fuelt,$) (2.4)
n=0
with

1 = ‘7 27dpj iGin (£,5(7) p(™) 1 §—p1—...— D
F.(t,€) = g2 I iGn (6 )/e? “ 2.
o=z [ L 115 e e I

and
P

Fy. = ——=po(—).
0,e Ead/2 (bo(ga)

The key “bureaucratic” difference between the Duhamel expansions ([2.2)) and (2.5 for the func-
tions 1 (t,€) and W.(¢,&) is that e*¢ — £. This will make the limits very different.

The following lemma ensures that the solutions given by ([2.1) and ([2.4) are well-defined and
we can interchange the summation and the expectation when computing the moments. Its proof is
exactly as that of [4, Proposition 3.8].

Lemma 2.1. Fize > 0,M,N € N. Let gpc = fne or Fy e, then

|E{gm1,€ cee gmM,eg;h gnN,e}| (mh s Mg, Ny - 7nN) (26)
with

(o] (o]
Z Z Co(my,....mp,nq,...,nN) < 00.

mi,...,mpy=0ni,...,nny=0
The pairings

Now, we discuss in detail the calculation of the moments

E{gmi - OmareGnie - Gnyehs

where g, . = fn or Fy ., and

M N
Z m; + Z n; = 2k,
i=1 j=1

10



for some k € N (if the sum is odd, then the moment is zero by the Gaussian property). We have
N SM N
E{gml’e L. gmwj7€g:17€ L. g;k”\he} = (’L€) i1 mz(_Zg) 2321 n;

M N
X dsdu/ E [M,N el9M o —19N hM,i B
/Aml (£) XX Ay (£) R2kd { } H H N,j

i=1 j=1

(2.7)

1 81,1 S1,m SM,1 SM,m
[MJV :WV( 2 7dp1 1) V( 52 ! 7dp1,m1) .. V( E dpM l) V(TM7dpM,mM)

UN,1 s UN,
2o dav) .- TV E;N7dQN,nN)a

~*U7 * T 7k
%V (E—Q,dql,l)...v ( 221,dq17m)...V (2L

and the phases

N

ZGW 05" ") 2, Gy =3 G (nu™ g™ J€2,

i=1
with n = &% or &, depending on whether g, . = f,, . or F}, .. The initial conditions appear as

Dil + -t Dimy 5 qj1+ -+ Qn,
1 ga N ), }kVJ :qsa(é_ €a J

hari = do(€ —

)

when g, . = fn., and as

. B R —qi1 —
pz,ml)y h*N,j —¢ ad/2¢8(§ 4aj,

- Qj,nj
gx )

hai = E_ad/%o(g Pz )
) €a
when Ine = I'ne-

Using the rules of computing the 2k—th joint moment of mean zero Gaussian random variables,
we obtain

E{Iy N} = Z H (2m)~ e_g(wl””l_””/azé(wl—i—wr)f%(wl)dwldwr. (2.8)
(Ul,Ur)E]-'

The summation ) » is taken over all allocations of the set of the vertices
{81,17 sy Stmyy e s SMLy e oo s SMmp U1y - s Ulingy oo sy UNTy -« - 7uN,nN}-

into k£ (unordered) pairs (recall that Zf‘i 1M+ Zﬁvzl nj = 2k). We call each allocation a pairing.
In [28), v, v, are the two vertices of a given pair, and w;, w, are the respective p, g variables, that
is, wy = p; ; if v; = s; 5 and w; = —q; ; if v; = u; ;. The same holds for w,. We will also write a pair
as an edge e = (v, v, ). Note that the order of v;, v, does not matter here since g, R are both even.

A uniform bound on the pairings

We recall the following general bound.

11



Lemma 2.2. Let g, = fne or F, ., then we have, for all € € (0, 1],

< (2k — 1])\;! ok
Hz 1 (m)! Hj:l(nj)!

with some constant C' depending on t, &, R, g. Here 2k = Zf‘il m; + Z;V:1 n;.

IE{gmic--- gmMﬁg;kzh gnN,aH

Proof. The proof is close to the case g = f,. and o = 0 which is already contained in [4].
We present it, together with the required modifications, for the convenience of the reader. By
symmetry, the RHS of ([Z7]) can be bounded by

M N
1 1 / /
% dsdu [E{Ip,n}H | ] gl | | [P (2.10)
TTZ, (ma) TTZ, ()t €% Jpo.ee R2k 1;[1 ]1;[1 ’

In the case when g, . = fp ¢, we bound

thle H Al < lldollSSF,

= j=1

then for a given pairing F, we have

1 «
W/ dsdu/ H (2m)~dem8(wlvi— vr|/e? §(w; + wy) R(wy)dwydw, < CF,
19 [Ot R2kd vl,vr)e]-'

where we used the integrability of R(p)/g(p). Thus, (ZI0) can be bounded by

o #)f;)N IR = (@’C),‘Hlfv” I e
i=1\1 =115 i=1\1 =11

In the case when g, . = F), ., we consider ¢ # 0 and integrate w, and bound (ZI0) by

k

N
1 _ dwl
T, () T2 gzk / dsd / Z | (T H [ H I
i=1 v J= 1 0t2k Rkd (vlvvr 6.7: j=1 l:1
(2.12)
For a given pairing F, we have
- n P; * — n Q
|haril =€ ad/2|¢0|(6—;)7 |hn il =€ ad/2|¢0|(€—aj)a (2.13)
where
Pr=8—pix— - —Dimyy Qj=&—q1— - — Qinys
subject to the conditions
w; + w, = 0 when (v;,v,) € F. (2.14)

12



The difference with the previous case are the factors e~*%2 in [ZI3)). Note that if P, = £ or Q; = ¢
(this may happen because of (2I4])), as £ # 0 is fixed and ¢q is rapidly decaying, we may simply
use the bound

6—ad/2|¢§0| (E%) <C.

For i, j such that P;, Q; # &, to deal with the large factors in (ZI3)), we change variables as follows.
Take some i with P, # &, so that

Pi1+ ...+ Pim; 7 0.

We pick any variable p from {p;1,...,pim,} (note the number of elements here can be strictly
smaller than m; since we have already integrated out the variables w, ), and change p to p’ = P;/e®.
The variable p = w; was paired to some p; or ¢; = w, as in (ZI4]). Thus, after the integration of
w,., p’ will also appear in a unique ilMJ' which equals to some hy ; or h}k\,’ i We use the bound

VN‘LMJ‘ § E_ad/2C.

Thus, after the change of variable and taking into account the Jacobian of the change of variables,
we have, with a slight abuse of notation

\harihar|dp < e=°Y2|go|(p)e Y2 Ceddp’ = O|oo|(p)dyp'. (2.15)

Since the change of variable only relates to p;, all other hay;, h}kw are not affected. We continue
the procedure, integrating out the p-variables one by one. If we are left with a single

|B| = e |go| (P /=) or e=2| g (Qi/=™)
in the end, we change variable similarly, and estimate this term, together with the Jacobian as
2|0l (p")dp" < |o| (0')dlp'. (2.16)

Overall, this change of variables will involve M + N momenta, and will eliminate all factors has;
and Ny ;, and we will be left with an expression of the form

M N
1 —d—g(w)lv—vrl/e? f . x
2% /[0 o dsdu /de H (2m) % R(wy) H |hil H ]hNJ-\dw
’ (Ulva)E]: i=1 ]:1
CM+N - )
T / dsdu/ H (QW)—de—E(WL)Ivz—vr\/E R(w;) H (zﬂ)_de_g(zl)lvl_vr‘/a R(z)
3 [0,£]2F Rkd (
v,or)EFL (vg,or)EF2

x ] 9ol (w)duw.
(v,vr)EF2
(2.17)
Here, (v;,v,) € F1 denotes the pairings in which the momenta do not participate in the change
of variables and (vj,v,) € F2 denotes the affected pairings. The explicit form of z; that appears
above is not important, so we do not specify them. The bounds (2I5) and ([ZI6]) mean that the
“participating” w; give us the factor

[T 19ol(w)

(Ul 7’1)7-)6]:2

13



that appears in the last line of ([2.17)).

Next, we integrate in time. This brings about the product

K R(wy) R(z)
A § (v i § (e

(vi,vr)€EF1 (vg,0r)EF2

Using the fact that R(w;)/g(w;) is integrable for the vertices in F, and that R(z)/g(z) is uniformly
bounded for the vertices in F,, we may integrate out all the momenta variables, showing that ([212])
is bounded by

#(F) K _ (2k — D K
M N "= M N C
L= (ma)! Hj:l(nj)! [Li2 1 (md)! Hj:l(nj)!
This finishes the proof. [J

Lemma ensures we can interchange the limit € — 0 and the summation, since

f: i (2k — D! ok _ N~ (M £ N)PCE

= —_— < Q.
M N k|

(2.18)

An estimate on non-simple pairings

Now we need to consider more carefully the contribution from different types of pairings. First we
can decompose the temporal domain A, (£) x ... x A, (t) according to all possible permutations
of {s1,1,...unny} and write

E{gm e -- -gmM,egiZl,e Gy e

1 / / G G (2.19)
= dsdu E{Ipn}e™™e™ N | hars | | P
Zcr: T (—z'&?)zév:wj a1 (t) R2kd { } H H A
where 95 (t) = {0 < w9, < ... <wy <t} and 0 = {v1,...,v9} denotes all possible permutations
of {s1,1,...unny} such that o9 (t) # @. By 238,
E{lp N} = Z H (2m)” e_g(wl””l_””/ezé(wl + w,) R(w;)dwydw,, (2.20)
F (v,vr)EF
where F are pairings obtained by computing joint moments of Gaussian. We can write
E{Gmi - GmageGim e Ty} = ZZ sy (0, F16,9) (2:21)
with
1 1
Jﬁv,l, N (0-7]:7679) = M

(i€)zi:1 mi (_Z'g)zévzl nj

M N
x/ dsdu/ H (2m) ~de=o(wnlvi—vr|/e? 5(wl+wr)R(wl)dwldwreigMe_igNHhMJHh}‘VJ—
oot R2kd

(vi,0r)EF i=1 j=1
(2.22)
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and the symbol g = f or F' indicates the dependence of an17...7n*N on Gne = fne or Fe.

Given a permutation o, we say that F, is a simple pairing if ve;_1,v9; form a pair for every
index i = 1,...,k. The next lemma shows that the overall contribution of the non-simple pairings
vanishes in the limit € — 0.

Lemma 2.3. Let g, = fne or F, ¢, then we have

ZZ S (0,F, & g9) — 0, ase — 0.

0 F#Fs

Proof. When g,. = f,., this is proved in [, Lemma 3.6]. The proof for g,. = F,. is
similar, using the same change of variables as in the proof of Lemma We do not provide all
details — but just mention the main simple point: for F # F,, i.e., the non-simple pairings, the
non-consecutive times are paired, then the overall contribution from the time integration of the
exponentials e~swilvi—vrl/e* §g 60 small since |v; — vy| is too large. We write

’anl,...,n}‘v (Uv ‘Fv 57 F)‘
1 —d —g(wl)\vl vr|/e? » o = *
<(Eﬂ " dsdu . H (2) d(w; + wy ) R(wy)dw;dw, H | il H \hn 15
T2k (vi,vr)€F 2 j=

and by the proof of ([2.I7]), we have

[Ty ot (0, F €, F)|
CM+N -
< g / dsdu/ H (2m)~ a(w;)|v—vr| /€2 R(wl) (QW)—de—g(-)\ul_UTVg 2()
UZk

'U[,U'r- e]:1 (Ulvvf')ej:Q

xJT  19ol(w)dw

(vg,vr)EF2

Then, using the fact that R(p) /9(p) is integrable and uniformly bounded, we only need to follow
the proof of [4] Lemma 3.6] using the aforementioned observation that the time integration will
bring about too high power of € because of the exponential in time factors. [

The vanishing of the crossing pairings
By Lemma 23] we have

gi_% E{Gmi e Gmarcnyc - Inyet = Z;I_I)% g, (0, F0, €5 9)- (2.23)

Let us define sets
Ai = {si,lv"-asi,mi}y Bj = {’LLj,l,...,’LLj,nj} Withi: 1,...,M, j = 1,...,N.
Given a pairing F,, we say

Sl,SQE{A,’,Bj:i:1,...,M,j:1,...,N}



interact with each other if there is an edge (v;,v,) € F, such that v; € Si,v, € Sy, and we
write S1 < S3. We say they are connected if there exist other sets such that S; < ... <
Sy. Thus, for a given permutation o, we may decompose {4;,B; : i =1,...,.M,j =1,...,N}
into connected components. For example, if all variables in A; pair inside Ap, then A itself
is a connected component. If all variables in A; and Ay either pair inside the corresponding
set or pair with variables in the other set, and we have at least one edge joining A; and As,
then {A;, A2} is a connected component, and so on. We let N.(F,) be the size of largest connected
component corresponding to F,. The following lemma shows the permutations with more than
triple interactions do not contribute in the limit. This leads to a Gaussian limit in Theorems

and

Lemma 2.4. We have
Z lim anhm,n}‘v(@fm&f) =0.

and

> lim g, e (0,F6, 6 F) =0

JiNc(Fo),

Proof. We first consider the case g, . = fn. For a given permutation o, if N (o) > 2, we can
find the sets
51,9 € {Ai,Bj i=1,...,M,j = 1,...,N},

such that S; <> So. Let e be an edge joining S; and Sy, and hg,,hg, be the initial conditions
corresponding to St, 59, then we have

|J£7,17...7n}‘\, (0-7 ]:0'7 67 f)|

COM+N-2 .
ST / deu/ [T @mdemswlomelie 5w, + w,) Riw)dwidw, |hs, hs,|,
€ o2k (t) (vi,vr)EFs
(2.24)
where other factors of the initial condition <;30 are bounded by CM*+N=2_ Recall that when One =
fne, we have

q;5,1 +...+ Qj,nj
e

Pit + ..+ Pimy . T
: > 2, by = d6(€ -

hati = do(€ — )-

We can assume P P
; 1 . 2
| = 10l(€ = 22) and |hsy | = [dol(€ — =2),
for some P, Py after integrating out w, in (224)). It is clear that P;, P, # 0 since they both contain
the w; variable corresponding to the edge e. Now we integrate w, and the time variables to obtain

s (0, Fr & )] < CHHN / T 20~ Didole ~ 2l » 0, (225)

(01,00 )EFs g(wl)

as € — 0 by dominated convergence theorem.
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Next we consider the case g, . = F), .. The following estimate holds

|J7i11,...,n}‘v (07 ]:07 67 F)|

M N
1 d —g(wy)|v;—vr > *
<o / i /R T e sl s ) An)dun, T el TT i

(vi,vr)EF i=1 j=1
Recall that now

_O‘d/2¢30(£ —Pia—

Ea _pi,mi), h}[’] _ g_ad/2¢§8(§_q_],l — e —QJ,ng)

EC!{

hM,ize
If N.(o) > 3, we can find
Sl,SQ,Sge{Ai,Bj:i:1,...,M,j:1,...,N}

such that S; <+ So <+ S3. We pick two edges linking 57 to Se and S to S3, and denote them by e »
and ey 3, respectively. We also denote the variables corresponding to e 2, e23 by wi 2, w2 3. Let hg,
be the initial condition corresponding to S;,i = 1,2, 3, then we have

- B
lhs,| = 72| \( *) for some P;,i = 1,2,3.

After integrating out the w, variables, it is clear that P contains the variable w; 2, P» contains the
variables wy 2, w2 3 and P3 contains the variable ws 3. We do a similar change of variable as in the
proof of Lemma First, we change w2 so that ({ — P;)/e* — P;. Second, we change w3 so
that (§ — P3)/e* — Ps. Then we have

: aP1)¢O(£ ;apz)qgo(

e 804262016y (Py) o (2)do (Py)[dP1d Py < O/ go(Pr)do(Py)|dPLd P,

|h51 h52h53| _5_3ad/2|¢ (

)|dw172dw2,3

§— P
eo (2.26)

with some z that does not matter to us, as we simply bound qgo(z) by C. Now, we only need to
carry out the same change of variable as in the proof of Lemma for the remaining h. In the
end, we obtain

CM+N ad/2

< T:/ dsdu/ H (277) o—9(w))v—vr| /€2 R(wl)

(Ulvvf 6]:0' 1

|an1,...,n}‘\, (0-7 ]:0'7 57 F)|

x I emlers@lmd SRy T Il (wn)dw,
(vi,vr)EF 5,2 (v,vr)EFs,2
(2.27)
where (v;,v,) € F,1 denotes the pairings which are not affected by the change of variables,
and (v;,v,) € Fy2 denotes the affected pairings, and, as in the analysis of (ZI7), the precise
expression for z; is not important to us. Clearly, the RHS of ([227]) goes to zero as € — 0 because
of the extra factor €*¥/2 compared to (ZIT). O
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Pairings for the correctors

We now describe analogous estimates that are needed in the analysis of the corrector

Ut &) = e 2N F, L(1,€),

n=0
with
Fne(t,§) = fne (t,€) E{fne(t )}
Sn iGp (2€ s(n) (n))/€2A P1 Pn
V ,...,—,d s, dpy)e 8P — = — ... — —)ds,
oty S (22 —2dp1 Pn) P&~ =3 o)
where
n B n B
V(s1,. o smdpr, .. dpn) = (2m) " [ T] V(sjodpy) —B{] [ V(sj.dpi)} | - (2.28)
j=1 J=1
Let us discuss in detail the calculation of moments
E—ad(M+N)/2E{L0}‘mLE e T, 59’;1 .- J”N .}, formy,...,ny €N,
with
M N
Z m; + Z n; = 2k.
i=1 j=1
Similar to (7)), we can write
E_Oéd(]w—i_]\[)/2}E{’g;nl76 Jm]\/[ €Jn1 e nN,E}
1 1 M N
_ dsdu/ E{IM,N}eigM e~ N P hy 5
e O /Am1<t>x~ xBuy() SRk Il E ’
(2.29)
where
51,1 S1, SM,1 SM,
IM,N :V(E—2,, E;nl,dpl’l,...,dp17m1)...V(E—2,..., E;nlw,dpM’l,...,dpM’m]w)
2.30)
£ UL Uy, « UN,1 UN, (
xV (6—27"'76—2m7dq1,l7---7dq17n1) .V ( 62 I €2nN7qu7l7’”7qu7nN)7

and
qj,1 +...+ Qj,nj

60{

Pig1+ ... +pi,mi)

6&

hars = "o (6 — , Wiy = PR - )-

Previously, we have dealt with the expectation of a product of centered Gaussians. For Zy n,
however, each factor V, defined in (2:28)) is a centered product of Gaussians rather than a product
of centered Gaussians. The rules for evaluating the expectation of such objects are recalled in
Lemma [A.T]in the Appendix. Recall that we have defined the sets

Ai:{SiJ,...,SLmi}, Bj:{u]'71,...,u]'7nj}, Withi:1,...,M,j:1,...,N.

18



Given a pairing F, we decompose {A;,B; : i =1,...,M,j=1,..., N} into connected components
according to the interaction between the s, u variables. Let Ns(F) be the size of smallest connected
component, then by Lemma [A.T] we have

E{Zunt= > ][] ¢ sCwn)lor=vrl/2* 5y 4 w,) R(wy)dwydw, . (2.31)
F:Ns(F )22(vl,vr)€}'

In particular, it is clear that E{Zy; y} < E{Ip;n} and

E{lun} —B{Zun} = ). [T @ndeswolmerll= s, + w,) Rw)dwidw,.  (2.32)
F:Ng(F)= 1(vl,v7)6]:

Comparing (7)) and (28]), to (Z29) and (231]), we see that

E—ad(M+N)/2E{ymha “e. LO%-\mM Eio}\;;l (Sl 9*

nn,eJ:
has exactly the same form as

E{leﬁ"'Fm]vh F;Lk1,€ nN,e} (2'33)

if we replace £ — £“¢ and impose the constraint Ng(F) > 2 in (2.33]). Therefore, we can follow the
same proof for Lemmas 2.2] and obtain

. —ad(M+N)/2 B .
ilg%)g [ed ( )/ E{ymhe--.cgm]w Ecgf;:ls nN75} Z ilg%)Jg,L17___7n*N(O'7fo’sag’F)’
0:Ns(Fo)>2

. . .
where we recall Jml’m’n}kv is defined in ([2:22]).

We should note that in the proof of Lemma [2.2] for g, . = F), -, we used the fact that £ # 0 so
that K
e 2| go(&/e)| < C,

and actually goes to zero as ¢ — 0. At this step, the analysis for .%, . can not proceed this way,
as we have replaced £ — £%¢. Instead, we use the condition Ng(F) > 2, which implies that after
computing moments, all the h factors in ([229) take the form

~ P R
hM,i — E—ad/2¢0(§ . 6_a)7 and h?\ﬂj — E—ad/2¢0(§ B §)7

for some P,@Q # 0. If P or QQ were to be zero, then A; or B; is not connected with any other set,
which would imply Ng(F) = 1. As P and @ are not zero, we only need to perform the same change
of variables as in the proof of Lemma

We may now follow the same proof as for Lemma [2.4] to obtain

: —ad(M+N)/2
;I_H)%)E ad(M+N)/ E{fml,g...ﬂmM 59;:16 TLN,E}_ Z 61-1_>I%J€ '7n7\](0',‘7:0-75a£’F)-
0:Ns(Fo)>2,Ne(Fp)<2

(2.34)
Since Ng(F,) > 2 and N.(F,) < 2, we have

Ny(Fy) = No(Fo) =2,

that is, all connected components corresponding to JF, contain two sets, which implies M + N is
even.
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3 Homogenization of the low frequencies

We now prove Theorem [Tl To show that
Ve (t, &) — (ﬁo(g)e_%D(o)t in probability,
we only need to verify the following result.

Proposition 3.1. Ase — 0, we have

E{u.(t,€)} — do(&)e 22O, (3.1)

and

E{J1be (t, )P} — |o(&)[?eReP O, (3.2)

Proof. By Lemma 2] we have

E{we(t f)} = Z E{fn,e(tv 5)}

n=0

Lemma ensures that we only need to compute
lim B{f, -(t,€)},
e—0

when n = 2k for some k € N. By Lemma 2.3 we have

Um B{fo(t.€)} = Y _lim J3(0, Fo. &, f). (3:3)

It is straightforward to see that
Jn(0, Fo, 6, f)
) Jvp—vr|

:‘f?“ii / ds / [T (@m)dematwnlumvl/e? fyy )= mIete e T gy
(Zg) 02k (t) Rkd (Uh’l)r)e]'-a (34)

. k
N R(p) dp \ ., (=tD(0)/2)F
—0(§)(=1)" 1 </Rd () + L p) (gﬂ)d> =00()

and thus
Hm B (1,€)} = D B foe(1,€)} = D lim J5, (0, Fo &, f) = do(€)e 27O,
k=0 k=0

which is &I)).

Since

E{[¢=(t, )P} = D B{fme(t, ) fn (6,9},

m,n=0
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by a similar discussion as in the proof of ([B1), we have

. . B R
lim B{fe (8, €) fac(8:€)} = EJ lim J5, (0, Fos & f) (3.5)
In addition, Lemma 2.4l shows that
E lim J:, , « (0, F5, &, f) =0, (3.6)
e—0 ’
0:Nc(0)>2

so we are left with

Z lim']fnn*(o-7fcra£7f)'
e—0 ’

0:Nc(0)=1

However, N.(o) = 1 implies there is no interaction between fy, .(¢,€) and f; _(¢,€), so m = 2k,
and n = 2ko are both even. The number of possible permutations is

(kl + kg)!
kilko! 7

and by the same calculation for ([B.4]), we have

by + ko)! itk DO)\ "/ D*(0)\*
Sl T (0.7 ) =B Gy e )!( é)> ( ()>

o:Nc(o)=1 (kl + k2 2
3 (~tD(0)/2)" (~tD*(0)/2)*
=[po (&) ol ol
(3.7)
Therefore, we have
> N _ ki (_+1* ko R
mE(: (O} = 3 Io(! tD/i??/2) ( tD;ffy)/Q) = [Go(€)2eTRePOE (3.8)

k1,ka=0
which is (32). O
4 The high frequencies
In this section, we prove Theorem

Convergence of the mean

We first show the convergence of E{W_(¢,&)} for fixed t > 0 and £ # 0.

Lemma 4.1. We have
E{U.(¢,&)} -0 ase— 0.
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Proof. By Lemmas 2.2] 23] we only need to show that
lim J: (0, F,,&, F) =0,
e—0

when n = 2k. It is straightforward to see that

Talo For & F) = 20 )
VL / ds / [T (@) demstulumorl/e? iyt lesu) 2zt g,
(Zg) 02k (t) de ('UL,UT)EJ:U

Since £ # 0, we have X
e240(£/e%) — 0 as € — 0,

thus )
’JfL(U7 fo’7€7F)’ S Ca_ad/2¢0(€/€) — 0 as € — O7

and the proof is complete. [

Convergence of the variance

Next, we look at the second moment.

Lemma 4.2. We have e
E{|W.(t, )]’} = W5(t,€) as e — 0.

The proof of Lemma is very similar to [4, Proposition 3.12], and since Lemmas [5.1] and
below follow the same blueprint, we will provide the details here for the convenience of the reader.

Proof. By Lemmas 2IM2.4] we only need to consider Jg, ..(0, F5,§, F) for fixed m,n € N (in
the present case, we automatically have N.(F,) < 2). We write

A={s1,...,8m}t, B={u1,...,un},

with m+n = 2k for some k € N. According to the pairing F,, {A, B} is decomposed into connected
components. If A, B are “separate”, we have two factors of e~%/2|¢|(£/e®) coming from the initial
conditions, so by the same argument as in the proof of Lemma .1}, we have

fn,n*(aaj:o7£7F) —0ase — 0.

Therefore, we only need to consider o such that A < B.

For a permutation o of AU B, the simple diagram F, corresponds to

AUB = {vf,vl_,...,v,":,v,;},
with
v >op >0l >,
and (v;" ,v; ) forming a pair, i = 1,...,k. Since A <+ B, there exists at least one pair such that v;"

and v, come from different sets, and we call such pair a crossing edge between A and B. Assuming
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the total number of crossing edges is N.r(0) > 1, the interval [0, ¢] is decomposed into N, + 1 parts
according to the position of those crossing edges, which we denote by

i > > > >y
with rl-i = v;—L for some j, and with the convention where r; = t and rj\}w 41 = 0. We further
denote by & ;, 1 = 0,..., N, the set of edges between the vertices r; and TZTZ_I that are of the

form (sj,sj41), and by &,; the set of edges between r;” and ri"jrl that are of the form (uj,u;j4+1).
The corresponding sets of indices are denoted by

Ai={j: (v;r,vj_) €&,.j=1,...,k},

and

Bi={j: (v;-',vj_) €&uij=1,...k},
with ¢ = 0,..., N... For a non-crossing edge (v;r,vj_), we denote 7; = 1 if v;-r,fuj_ are s—variables
and 7; = —1 if they are u—variables.

Recall that
I (0, Fo, &, F)

1 / / d _ 2 .
= dsdu (2m)~de8wolv=vrl/e% 5y 4 w,) R(wy)dwydw,
(Zg) (_Zg) 092k (t) R2kd ('Ul,U'r)E-Fo- (41)
X eiGm@vS“’”JD(’”))/EQe—iGn@v““”’f1“”>/€2s—“d<z3o(£ = _gol' L )5236(5 — _gci ),

where vy, v, are the vertices of a given pair, and w;, w, are the corresponding p, g variables, that

is, w; = p; if v = s; and w; = —¢; if v; = u;. For a crossing edge (v, v,) = (r;,r;), the relevant p, g
variables equal to each other due to 6(p — ¢), and we denote the corresponding w; = P;, with the
convention that Py = 0. We also define s; = 1 if r;r is s—variable and 5, = —1 if r;r is u—variable.

With the above notation, we have

Jﬁl,n* (Ua f07€7F)

1 i R(’UJ) —alw; U;Fivji Ner i5:(|6—..—Pi_1]|2—|6—..—P:|2 Tj7T{
=— : dsdu de J e a(w;) =2 He 5 (1€ j—117—1¢ ’i1%) 222
(€)™ (=i€)"™ Jorp (1) e (27)1 ey
Ner 2 a1 £—P P
; P2 e P ~ —ry—...— N,
% H H e”—l(lf 15 =1€ i—wil?) 5 @‘(bO’( = )2'
j=01€A;UB;

(4.2)
Here, we have integrated out the variables w, in (@), and changed the notation w; — w;. To get
rid of the extra factor e~*¢, we change variables as before. Replacing

PNcr —> f — P1 — ... — PNcr_l — €aPNCT,
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and rewriting the terms in (£.2)) associated with Py, using the new variable, we obtain

| R(w;) i
e (O F o b F) = o dsd d 1200w =2
Tmn+(0:F0: & F) = Gy i /m(t) s /RM v 1L e

Jw;j#Pn,,
A T+ 77‘7
y R(f -—P—... - PNcr'_l — EQPNCT')6—9(5—P1—---—PNCT-fl—EaPNcT-)w
(2m)d
Ner—1 T'J.rfr'.f r% 77';,
X H <ei5j(£_"'_Pj12_'6_"'_Pj2)J262J> eichr(‘5_"'_PNC7‘*1‘2_|EQPNCT|2)%
j=1
Ner—1 ot vt —v~
% H om(E= =Py P =g = = Pj—wn ) Lo H (18 Py |2 =1 Pre, —wi|?) -5 51
7=0 leA;UB; leAn,, UBN,,
x |do(Pn,, )|
Now, we freeze r| > 1y > ... > TNo» integrate out the other time variables and send ¢ — 0 to
obtain
Jﬁun*(av ]:0757F)
Nep—1 ~
cr R(P)
—>(—1)"_k/ dv/ dw /
Ang (t)  JRRd H (2m)d —i5;(|§ — ... = PP = [§— ... = Pj?)/2
Nep—1
% H H R(wl)
6 A8, glw) —in(|§ —... = PP = 1§ — ... = Pj —wi[?)/2
% 1 R(S—P()— _PNcr_l) H 1 ]A%(wl)
@2m)g(€ = = Pre—1) —isne, [§ = = P —a?/2 200 (2m)T g(wn) +imfwl?/2
er — s +1)|Aj\+|3j|
x |go( Py, )|? :
H !A]! +B;])!

Here, we have changed the notation r,;” = v;, with vo = t,vn,, 41 = 0. Next, we integrate out wj
except for P, ..., Py, so that

mn*(a faaf F)

Ne g R(P))
—1)nk d dP J
== /ANM@ o L amig®y —me -~ PP - BP)2
Ner—1
I (DE— ... = PY2AID (€ — ... — P25 (D(0)2) 4% (D (0) /2) e
=0
R(¢—...— Py.,_1) L N (v — vy 4q) Al
S sy o T LR H (4,1 + B,
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Therefore, we have

lim E{| 9. (t,6))*} = Z > lim J5, - (0, F, &, F)

m,n=0 o: Ncr>1

with
lim J;, .« (0, F5, &, F)
e—0 ’

given by the RHS of @3)). It is clear that n — N, is even, so that (—1)" % = (=1)*Ner and we

also note that
NCT

B No = Y (Al + |Bi).

i=0
When those crossing edges and |A,|, |B;| are fixed for j = 0,..., N, (so the RHS of (&3] is fixed),
the total number of possible permutations is

1] (ALt IBD!
|A;|1B;]!

J=0

Now, we can sum over all permutations when N, is fixed, denoted by oy, , and integrate in Py,
and obtain

Z lim 5, (0, o, 1. €)

JNCT

s N”" )) A1+

ol - O |
I9ol} 3 A - l% 115!

|A1l],|B1]=0 |-ANCT‘ IBNe,. |=0

Ner—1
X H ReD(Pj,§ —...— Pj—1) | ReD(§ —... = Pn,—1,§ — ... — Pn..—1)
Ner—1
< | T] (D€—... = P)/2l(D (¢ — ... — Py)/2)%1 | (D(0)/2)4er [(D*(0) /2) Prer .
§=0
(4.4)
After the summation, we get
~ NCT
Z hm O' Fo,t, f) |’¢0H%/ d’l)/ dP H —(vj—vjt1)ReD({—...—Pj)
JNcr ANcr (t) R(Ncril)d :
4.5
Ner—1 (4.5)
« e~ VNerReD(0) H ReD(Pj,6 —...—Pj_1) | ReD({ — ... — Pn,,—1,§{ — ... — Pn,..—1),
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which can also be written as

Nc'r

S i e Frnt ) =ldoll [ av [ dp | [[etmmementeon)
ONep ANC’!" (t) RNerd 7=0
4.6
. (4.6)
[[ReD(Pj,¢—... = Piy) | 6(6 =P — ... — Py,,).
Thus, we have
Ner
hmE{]\I/ (t,6)? }_H¢0H2 Z / / dP He—(vj—vj+1)ReD(§—~~.—Pj)
Ner=17 Bner (t RNerd =0
4.7
. 7 (4.7)
[[ReD(Pj 6 —...—Py) | 6(6 = P — ... — Py,,) = Wi(t, ).
The proof of Lemma is complete.
Convergence of the higher order moments
In this section, we consider convergence of the general moments
E{<(t, )" (¥X(t,€))"},
for arbitrary M, N € N. By Lemma 2.1l we can write
EQUo(t, OM (WY = Y Bfgmie o ImareTire - Gy e} (4.8)

mi,...,nNy=0
with g ((t,€) = F,, £(t,€). As for the variance, we only need to consider

: €
;I_I)% Jml,...,n}‘\, (Ua f07 67 F)?
for fixed m1,...,ny and o such that N.(F,) < 2. Recall that [222) gives

|J7€nl,...,n* (07 ‘7:07£7F)|

M N
Ss%/(m dsdu /R% vl,vl:)[éﬁ(r (2) A ownlv=vrl/e* 5y, +wr)R(wl)dwldwril;Il\hMJ\jl;[l\h}kv,j’.
As before, we denote
Ai =181 Simits  Bj={uj1,... ujn;}, withi=1,... .M, j=1,...,N.
The pairing F, decomposes

{Ai,BjZizl,...,M,jzl,...,N}



into the connected components. If there exists a component of size one, that is, Ng(o) = 1, then,
as in the proof of Lemma [T} we have a factor of

e\ dol(¢/e"),
coming from the corresponding initial condition, which implies that

€
Jml,..

%(07‘}—0757}7) —0

as ¢ — 0 since £ # 0.
Thus, we only need to consider the case when
Ng(o) = Ne(o) = 2.
For any 51,52 € {A;,B; :i=1,...,M,j =1,...,N} such that S; <> S, the following lemma
shows that 57,52 can not be of the same type.

Lemma 4.3. Fiz 0 and assume N.(o) = 2. If there exists a pair S1,S2 € {A; : i =1,..., M}
or 81,5 € {Bj:j=1,...,N} such that Si <> Sa, then
lim J5, . (0, Fy, & F) = 0.

0 My

Proof. Let us assume that S; = A;,,S2 = A;, — the proof for the other case is identical. Then
we can write

1 _ - R(wy)
€ . - <_— g(wy)|vy—vr|/e ; .
|Jm17___7nN(0, Fo, &, F) < /U%(t) dsdu /R%d ( I | e d(wy + wy) —=—=dw;dw

d
vlvv’r“)ej:a (27T)
M N
< Aharishari,) [T hacal TT 101
i=1,i#11,i2 j=1

Since A;, <> A;, and N,.(0) = 2, after integrating in w,, we have

£—P

Ea

§+P

hariy = &0 ) and hgg, =g (2——),

for some variable

P = sz‘l,j # 0,
J

where the range of j in the summation depends on 0. Now we only need to pick some p;, ; and
change this variable so that ({ — P)e® — P, which leads to

—a n —a 2 2 fo n » 2
v hasaldpiy g = 1o (P) 1o ( 25 — P)e"aP = go(P)do( 2 — PP (4.9

Then we perform the change of variables as in the proof of Lemma for

M N
T 1hacal T 120,
i=1,i#i1,i2 Jj=1
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and in the end obtain
’ mi,.. n}‘\,(o-rfdafaF)‘

M+N .
<C : / dsdu/ H e_g(wl)‘vl_vr‘/EQR(wld) H (27T)_de—g(zl)lvz—vr|/€2g(zl)

- 2k
c (v1,vr)EF5,1 (27T) (vi,vr)EFs,2
2% : ]
X |o(@) o do(= — )| T 160(w)|dwdi.
(vlvvr)ej—a,Q

Here, as previously, z; denotes some momentum variables — we will not need their precise form,
while (v;,v,) € F,1 denotes the pairings not affected by the change of variables, and (v;,v,) € Fp2
denotes the affected pairings. Finally, ]3072 corresponds to the affected pairings when we change
variables for

M N
IT  1hacal I 120,
i=1,i#i1,i2 Jj=1

as in the proof of aforementioned Lemma We have also changed the notation P — w. Now,
after the temporal integration we can apply dominated convergence theorem to obtain

T (0, Fo & F) =0,

due to the factor q%o(f—ﬁ —w). O

By the above discussion, the nontrivial contribution of J-, 7\](0’, Fs, &, F) as € — 0 comes

10T
only from the cases when M = N, the permutation ¢ is such that

Ng(o) = N.(o0) =2,

and all connected components contain both type-A and type-B sets. Let X(m1,...,n}) be the set
of such permutations. For o € ¥(my,...,n}), we have A4; <> B;,;i =1,..., M, where {i,...,M}
is a permutation of {1,...,M}. We denote the set of o corresponding to a given {I,... ,M}
by E{i,...,M} (mi1,...,n}). It is straightforward to check that

Y loes; i) Iy (O F EF) = D Y H o Ominss Fo,er 6 F),

,,,,,

ml 'n,i mlw n*_ =1

where o, ,» denotes the permutation of A; U B; which keeps A; <+ B;. Now, we can write

lim E{W.(t, )" ((t,€))™}

= Z Z Zlaez{l iy (1 )il_I)I(l)JE e (0, F 6, & F)

muenn=0(i, Ny °©
[ee]
YD YD S S g%J o (Omints Fop & F)
ml»---v"NZO{L...,M} 07”1»"%‘ Tma, n}‘\;[z 1

o0

M
YOI X X T omns P, & F) | = M5 (2,6,
}i=

{17'”71\2 1=1 ml,n;—OUm n
7
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Here, the last equality comes from Lemma

11H1E{|\If tf Z Z il—n;l!] O-mln v Ty n*y&) ) /W5(t7£)‘

mlvn =0 U'm,L n
To summarize, we have shown that
lim E{W. (1, €)™ (V2 (£, )"} = L=y MIW;(1,)"

for arbitrary M, N € N. The proof of Theorem is complete.
5 The fluctuation analysis
In this section, we prove Theorems and [L.41

Pointwise fluctuation

We begin with Theorem [[.3l Recall that the corrector can be written as

Ue(t,6) = 2> T (t,€)
n=0

and we have previously shown that

lim - CAMIN 2R T oo Ty e T T o} = Z lim T, (0, F %€, F),
0:Ns(Fo)=Ne(Fo)=2
(5.1)
when M 4+ N = 2K for some K € N. Let us define
S(ma,...,nl) = {o: Ny(F,) = No(Fy) = 2}.
The constraint
Ny(Fy) = No(Fy) =2
forms pairings over vertices
{C:l=1,... M+N}={4;,Bj:i=1,....,.M,j=1,...,N}, (5.2)
or equivalently the set
{mi,nji=1,...,M,j=1,...,N}. (5.3)
We write B B
S(ma,..ony) = JSp0ma, . niy),
p
where ip(ml, ...,n}) is the set of permutations corresponding to a given pairing p over (G.3]).

Then we can write

> lim Jo, o (0, F0, €%, F) = > lim J5, s (0, F5, 6%, F).

5 e—0
0:Ns(Fo)=Ne(Fo)=2 Poes,(my,...,n%)
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For a given p, we assume that pairs have the form (p(l),p(l)) with I =1,..., K, where

(p@p@) i l=1,..., K} ={myynt:i=1,...,M,j=1,...,N}. (5.4)

It is straightforward to check that

Z ngl,...,n}‘\,(o-7fcfa€a£7F)

oeip(mlr"’n*j\])

= > X Hf @ @OD,0(0), F o iy €76 F),

o)D) o(p(K)p(K)) 1=

(5.5)

where o (p(1), p(l)) denotes the permutation of C; U C; such that C; <+ C; if p(l),p(l) corresponds
to C;, C;. Now, we have

lim B{2L (1, )™ (U2 (£,€))V} = >y X m I s (0, F o t,6%€)

mi,..,ny=0 p Uezp(mly ) N)

D D DD DR S Hiﬂ“}ﬂpu (@D, pD): Py o "6 F) (5.6

miemN=0 P o(p(1)p(1))  o(p(K).p(K

K
:ZH ( Z Z il_l%‘];(l (U(p(l)7p(i))7fo—(p(l)’p(l~))7€a§7F)) .
0,

pol=l p(1)=00(p(1).p(D))

Therefore, it is clear that we only need to compute
Z Z?B” (0, Fg,e%, F) and Z thJ (0, Fg, %, F)
m,n=0 o m,n=0 o

to obtain lim._,o E{U(t,&)M Uz (t,£))N}. The following lemmas combine to conclude the proof of
Theorem

The first lemma deals with the “complex-conjugate” moments.

Lemma 5.1. We have

Z th (0, Fp, €6, F) = Wy (t,0).

m,n=0 o

Proof. Following the proof of Lemma with £ replaced by e“¢, we obtain

Z Zing (0, Fyrt,6%6) = || ool Z/ /RN”ddP

m,n= 0 o Ncr
NCT NCT

x | [ e WomvanIRePCRm=F) ) | TTReD(Pj,—Py — ... = Pj_1) | 6(=P1 — ... = Px,,).
j=0 j=1
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The RHS equals to W57s(t, 0), which completes the proof. [J

The second lemma address the “non-conjugated” moments.

Lemma 5.2.

Z th (0, Fo, €%, F) = Wo(t, ).

mmn=0 o

Proof. We use the same notation in the proof of Lemma Recall that

S (0, Fo, %8, F)

1 .
:m/ dsdu/ H (2m)~dem8(w)lu— vrl/e? d(w; + wy ) R(wy)dw;dw,
(ZE) oo (t R2kd
vlvv’r“ EFO'
eiGm(Ea&S(m)yp(m))/ ZGn( eg, u(")ﬂ(") _adqb ( 046 —P1— ... pm)qgo(gaé. —q—...— Qn)

eo eo

We only need to consider o such that the number of crossing edges N.. > 1. For each crossing

edge (7"2 ,7; ), =1,..., Ng, we denote the p—variable by P;. After the integration of the delta
functions, we obtain

1

I (0, Fo €% F) = 7/ dsdu dw
nl ) (@)™ Jo(t) Rhd

k » U‘-Ffv. NC T+7T
% H R(wj)e—g(wj)% H i(le*—s; (Pot+.+Pj—1)*—[e*E—5; (Po+...+Pj)|? )272J

o (2m)

7j=1 7j=1

Ner u+7'u7 u+7v7 (57)
% H ei(\eag—...—Pj|2—\ea§—...—Pj—wl\2)—rl25 L H ez‘(|e“5+...+Pj\2—|ea§+...+Pj—wl\2)—rl25 L

J=0 \Il€A; leB;

Ner . o o

— p2+2p Py+..+P; 1 - Ef—P()—...—PNCT ~ €§+P0+...+PNCT.

o8 | e = )bol = )

7=1
Compared to ([@2), the key difference is that we get an extra factor with a large phase:

NC’I‘ _
H e—i(\Pi|2+2Pi~(Po+.-.+Pi,1))rj /€2

J=1

ad

To get rid of the factor e~*%, we change the variable

PNcr ——FP—...— PNc'r_l + €aPNCT.
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Rewriting the terms in (0.7]) associated with Py, using the new variable gives

1
JS"Ln 07~F07Ea§7F - —/ deU/ dw
3 ( ) (16)2k UQk(t) de

® w07 P Tt
11 R(w;) gyt 55 BBy = - = PNyt + €"PNey) (- Ry o= P10 Py, ) er  Ner
d d
jouws P, (2m) (2m)
Ner—1 N
« H (ei(aaf—sj(PoJr---Jer1)2—|E“€—5j(P0+---+Pj)2) 3252J)
j=1
Tt
% ei(\aaﬁ—ﬁNcr(Po+---+PNcr—1)|2—\aaf—ﬁNcrE“PNcr\2)%
Ner—1 i v —v
» H H €= =P P =|e €~ = Pj—wy?) 5 H et APy = |e 6t A Py ) L
j=0 \IEA, leB;
ey e
X H ei(‘aag_aaPNcr‘Q_IEag_aaPNcr_wl‘Q)% H ei(laag—"_aaPNcr|2_|Ea§+€aPNc7‘_wl|2) l2€2l
lEAN,, l€EBN,,
Ner =1 2 i’
—i(|Pj|242P;-(Po+..4+P; ; .
y H e~ WP 1P +2P; (Pot..+F; 1))?¢0(£_PNCT)¢O(£+PN”)
j=1
% e—i(|—Po—...—PNCT,1+€“PNCT.\2+2(—P0—...—PNCT.71+€“PNCT.)v(Po+...+PNCT-71))TI:QCT' )
(5.8)
If we freeze ri,...,ry_,P1,..., PN,,, integrate out the other variables, and send ¢ — 0, we see
that
;I_I)I%) ’an7n(07f0'7€a§7F) - an,n(0-7f0'7€a§7F)’ = 07
with
€ o 1
Hm’n(O', f07€ SuF) = L dv dP
(=D* Jan, ) Jrwed
Ner—1
Il b, -R—...~P1)/2| D(-Py— ... = Pypo1,—Po— ... — Pn,,—1))/2
j=1
Ner—1 |A;1+15;]
) G (vg —wvipq)Y J 5.9
< 11 (D(Py+ ... + Py)/2)A4s+151 - +)|B'|)' (D(0)/2)vier [+1Bnc, | (5.9)
=0 J 217

_ ‘.AN |—HBN ‘ Ner—1 ] o
UN,, UN¢r+1 cr er _ 12 B WY ~
X ( (|AN |‘:_)|BN |)' H e i(|Pj|*+2P;-(Po+...+Pj 1))52 ¢0(£ _ PNcr)qu(é. + PNCT)
cTr cr . ]:1

v
(|_P0_“‘_PNCT'*1+EQPNcr-|2+2(_P0_'“_PNCT'*1+EQPNcr-)'(P0+'“+PNCT'*1)) N2CT

>

xe "

Here, we used the property



We will consider separately the cases N, > 2 and N, = 1.

Multiple scattering N.. > 2. When N, > 2, we have at least one oscillatory phase in (5.9,
since

Nesl .
H o~ HIPiP42P;-(Pot..+Pj-1)) %

(5.10)

o o il1=Pom = Pey e Py [P42(= Po— o= Pey 146 Py )-(Pot oot Pep 1)) 2252 —ilPIP Y

with |X| =1 and independent of v;. For the integral in v, we have

Nc'r

. 2’U1
dv - — A IB LIPS X
Aner (1) H o
N (5.11)
<C Hd”a’/ £ — ) HOLHIBol (4 — o)A B il P gy
A]\fc'r 1(t) Jj= =2
for some C'. Applying the Riemann-Lebesgue lemma gives
|/ vy Aol HBol 4y, Y[+ IBl =il PP g1y (5.12)
provided that P; # 0. Thus, by the dominated convergence theorem, we obtain
Ner ; 291
/ do [ (v — vy AHB LIPS x (5.13)
ANcr(t) ]:O
when P; # 0, which implies
Hy, (0, F5,e%, F) = 0, as € — 0,
if N > 2.
Single scattering N, = 1. When N, = 1, (59)) simplifies to
D(0,0) [* - - —ileap|2 Y
H, ol o €6 F) = ( v [ dPdo(c — P)do(e + P)e 1= P
- d
= (5.14)

y <D(O)>Ao|+Bo+IA1|+B1| (t — U)‘AOH‘BO‘ oA+B1]
’ (1ol + [Bo])! (1] + B1])!"

If « € (0,1), we have a large phase factor el Pl?v/e2 720

have

, so for the same reason as for N > 2, we

HE, (0, Fy €26, F) — 0,

which implies
In(0 Fo, %€, F) — 0.
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If &« = 1, we have

D(0,0) [* ’ WY o—ilP2
st [ v [ apéte = )it + P)

<D(0)>AO|+BO|+.A1|+81| (t _ U)‘AO|+‘BO‘ U‘A1|+‘Bll
2 (lAo| + 1BoD)! (JA1] + Bi])!”

Hﬁl,n(aa foygagyF) =
(5.15)

which is e—independent. Following the argument we used in the proof of Lemma [£2] we have

th (0, Fg, %, F) = Z linéann(a,]:o,saﬁ,F)
e—> ’

o0:Ner=1

(5.16)
—— D(0,0)e / v [ dPéu(€ ~ Pydols + P)eI™
Rd
Finally, if o > 1, similarly, we have
th (0,Fp e, F) = Y lim Hy, , (0, Fy. e, F)
€
7:lNer=1 (5.17)
=~ D(0,0)e "t | dPgy(¢ — P)o( + P).

R4
The proof of Lemma, is complete.

Remark 5.3. The proof shows that only single scattering contributes to the “non-conjugated”
moments when o > 1. This is similar to the result obtained for heat equation [I, Theorem 2],
where the single scattering constitutes the whole random corrector. For Schrédinger equation, the
situation is different, as multiple scatterings show up in “complex-conjugated” moments as in the
proof of Lemma [5.11

Correlation of the fluctuations

Here, we prove Theorem [[L4 Recall that we look at the behavior of

dn

i (5.18)

5 .
Wt 2,€) = / Ua(t,€ + —>u*<t ¢ T h)eima
Rd 2
To prove the convergence of

<W€(t)7 (10> = . We(t,x,f)go*(x,f)dxdf

in probability, it suffices to show the convergence of

E{{(W:(1), )}

and
E{[(W=(t), o)[*}-
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Given that

1 6677 * 6677 T,k
E{(We(t), o)} =o—=5 | B{U(t, &+ —-)UZ(t,§ — ——) e " (@, §)dndxdE
(271') R3d 2 2
and
2B 2B B
B0 9P} = [ BOkt.6 + SN 6 - TP + TP, - )
; dndzd
x €M T (21, &)e T2 (20, &) (?7 )25,
we first prove the following two results.
Lemma 5.4. Ifa+ 3 =2 and o € (0,2], then as € — 0,
BA{UL(t, §+—) 2 (t, 6——)}
) Ner Ner
= / dv/ dp | [J e v RePCR= =B [ TT ReD(P;, Py — ... — Pj_1)
N —1 /AN () RNerd =0 j=1
T ) ) n_ n
X6(—P,—...— Pn,.) H e!Fi i (he(o,z)”%“% + 1a:2/ Po(€ + 3 p)o(§ — 3 P)dp> :
j=1 R

Lemma 5.5. If & # &, a+ =2 and a € (0,1), then

&b b
lim EQU (1.6 + S (16— SR (6 SR — )

66772

Py Py ePny
—hm IE{L{ (t,&1 + )M*(t & — )}E{U*(t &+ T) (t, & — T)}

The assumption a + f = 2 in Lemmas [5.4] and matches the kinetic scaling. To see this,
recall that

U(t,§) = €_ad/2(¢s(t,§) — E{¢.(t,6)}),
and
Ve(t, €) = e*o(t /2, Eaf)ei\a“ﬂ?t/z&'
If we let
U (t,x) = ¢(t, ) — E{¢(t, )},

then the Wigner transform written in physical domain is

t T Y o b x Y\ ity
Aﬂ@@ﬁﬁ?%@@ﬁW?em

that is, we need o + 8 = 2 so that the propagation speed is of order one. Note the compensated

phase factor from the compensation
2a+B—-2
)

625 ‘nte
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disappears in the limit when choosing « + 5 = 2.

Proof of Lemma [5.4. We will use the representation

U(t,€) = e 2N " 7, (1),

n>1

so we only need to consider
B{e™ P e (8, 61) T o (t,6-1)

with 5 5
e 2 _e_ &
gl - §+ 9’ 5—1 9 -
Compared to ([£2]), we need to change £ to £*&; or e“¢_; (the factor e comes from the fact that
we are looking at the low frequency regime). Using the notations in the proof of Lemma (4.2 we

obtain

lim Z E{E_adym,a(tafl)ys,a(taf—l)}

e—0
m,n>1
(=" b R(w;) of oy
= lim Z - dsdu dw H 1) o=8(ws) =
e—0 (ia)m+” kd (27T)d
o:Nep>1 o2k (t) R j=1
Nerp r‘ffr.i
X Hei5j(|a‘a£5j—...—Pj71|2—‘€a£5j—...—Pj|2) ]252J (519)
j=1
NCT 'U+7'U7 NCT
% H H em(|aa§n—...—Pj\2—|aa§n—...—Pj—wl|2) Lt Hein-nr;eMB*Z
7=0 lE.AjUBj 7j=1
1 - P1+---+PNCT ~ P1+---+PNCT
x @%(fl - s )Po(E-1 — s ).

Apart from the change £ — £*¢41, the key difference between (B.I9) and (2] is the extra phase

factor
NCT'

j=1

due to  # 0. Since « + 8 = 2, this phase factor becomes

NCT'

Ney

iPjmr; exth—2 T iPjmr;

| | e = I | e 7
J=1 J=1
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and we only need to follow the proof of Lemma [£.2] to obtain

lim > E{e P o(t,60). 7 o(8,61))

e—0
m,n>1
o0 NC»,« Nc'r
= dv / dp e~ (Vi v+ 1)ReD(=Fo—..=F;) ReD(P;,—Py—...— P;_
NCT . ~ ~
<8P == ) [T 5™ (Lacoa ol + 1as [ dote + 2 = p)dite ~ 2= phip) .
j=1
(5.20)
The last factor comes from
- &b
| dote+ L= ndite - 5L =i

and the assumption of § = 2 — . This finishes the proof. [J

Proof of Lemma The proof is similar to the case when we show the convergence of

E{U(t, )M (U (t,€))NY for M,N € N.

The only difference is that £ is replaced by &; + 56"1 and & + i 52. First, by following the proof
of (B.0]), we have

b b B
lim B (1 6+ (6 - SR+ SR - )

B B B B
=l QU1 6+ 5 (16— VB (1 & + U162 — —5))
&b 8
+ lim E{UL(t aﬁ%) 60+ TENERE (L6~ 60— )
&b
I B 6+ T 6 - B+ TG - T = L bt T,

and to complete the proof, we only need to show I, = I3 = 0.

To study the limit of I, we take, for example,
E{U(t, & + 7 /UL (t, & + €72 /2) .

We may follow the proof of Lemma [5.4] and obtain a phase factor

NCT
H ein'(51_§2+€6(n1_772)/2)71;€a72
j=1

as in (B.19). Since & # &9, the assumption that o € (0,2) ensures that we have a large phase for
multiple scattering; for single scattering, after change of variable P +— ¢ Py, we get a factor

eipl'(§1—52+€*8(771—?72)/2)2‘7520‘72

)
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so we have a large phase if a € (0,1). In the end, we only need to follow the proof of Lemma [5.2]
to conclude that I, = 0.

For I3, take, for example,

E{U-(t, & + "1 /20U (¢, & — £7m2/2) ).

As in the proof of Lemma [5.2], the corresponding phase factor becomes

NCT
H e—i(\Pj|2—Pj'(€a§1—€a§2+e“+5(m+n2)/2—2(Po+...+Pj,1))r;/52
)
j=1
as in (B.7). The rest of discussion is the same, that is when a € (0, 1), there is always a large phase,
which implies I3 = 0. [J

Now we can discuss the limit of W,. We use F,, F; to denote the Fourier transform in x,¢
variable respectively. First, by the dominated convergence theorem, we have

lim E{(W2 (£), 0)} = —— /R hmE{u<ts+—> (tf——)}(fxw)*(n,f)dndi- (5.21)

e—0 (2m) 2d e—0

Using Lemma [5.4] we need to discuss the following two cases.
Case 1: o+ =2, € (0,2). Using (5.20]), we integrate 7, ¢ in (5.2I]) to obtain

i E{(W2(1), ¢ }—H¢0||2Z / N

NCT NCT
[[e ool =B L TTReD(P), —Py — ... — Pj_4)
=0 '
Nc'r
X 5(_P1 - PNCT ]:5(10 Z P; Ujv = / Wé,s(ty €z, 0)(70* (33‘, g)dxdé.v
R2d
with
NCT
Waa(t.2.€) =[Gl Z ot Lo {LLeemmmmenen oo
Nc'r(t RNerd ]:0
Ncr' Ncr'
[[ReD(Pj 6 =Py~ ... = Pi1) | 6(¢ =P — ... = Py, )6(x — &+ Y Pyy).
j=1 j=1

Clearly, we have ) ) A
Wso(t, 2, &) = Ws(t, 2,€) — ||do|36(€)(z)e RePO?

which consists of the scattering component of the transport equation (.28]) with the initial condition

Wi(0,2,€) = |l dol38(€)d(x).
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Case 2: a =2, = 0. By a similar discussion, we have

e—0

lim B{OV.() )} = [ | Woa(t,2,00¢" (2, €)dadg (5.22)

with
Wso(t, z,€) = Ws(t, 2, €) — (2m)48(€)| o ()| 2eRLON,

and Ws(t,z,€) solving (L28) with initial condition Ws(0,,&) = (2m)46(&)|do (z)[2.
By Lemma [B.5] if we further assume « € (0,1), we have

lim E{|(W(1), 0)|*} = | lim E{(W=(t), ¢)}*, (5.23)

which implies (W.(t), ¢) converges in probability.

A Moments of product of Gaussians

The following result is standard, we present a proof for the sake of convenience. We assume that
{NijZizl,...,m,jzl,...,Mi}

are zero-mean real (complex) Gaussian random variables, and write

m M,
EQTII Vo =D Il  E{vuNgh, (A1)
i=1j=1 T ((0:d),(09)EF
where " » extends over all pairings formed over vertices {(¢,7) : i =1,...,m,j =1,...,M;}. We

set
Ai={0,j):j=1,..., M;}.

For a given pairing F and i # ¢, we say that A; is connected to A:, and denote this by A; <> A, if
there exist j, j such that ((¢,7),(¢,7)) € F. In this way, the set {A4; : i =1,...,m} is decomposed
into connected components, and we denote the size of the smallest component by Ng(F).

Lemma A.1. For eachi=1,...,m, let X; = H;M:ZI Nij, then we have

E{J[(X: —E{x:})} = > IT  E{VuN;) (A.2)
i=1 FiNs(F)22 ((i,4),(i,) €F
Proof. We write
E{][(X: — B{Xi})} =E{X: [[ (X0 - B{X:})} - B{XE{[ [(Xi - B{X;})}, (A.3)
i=1 i=2 i=2
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and note that every term in the expansion of

m

Xy [ - E{x:})

=2

is a product of zero-mean Gaussians (with possible multiplicative constant), so when taking expec-
tation, we follow the rule of computing joint moments of zero-mean Gaussians. For any pairing
such that A; is not connected to any A;,7 # 1, we have a cancellation from the corresponding term
in

E{XE(] [ (X - E{X: )}

1=2

Thus, we can write
E{H(Xi - E{Xih)} =Ei{Xa H(Xi —E{X:})}, (A4)
i=1 1=2

where E; stands for the expectation with the summation over those F such that A; <+ A; for some
i # 1. Following a similar procedure for Xy — E{X5}, we have

m

E([0X — ELX)) = Era{ X [[(X0 - E(XD). (A.5)

i=1 =3

with Eq 2 stands for the expectation with the summation over those F such that A; <+ A; for some
i1 # 1 and Ag <> A; for some i £ 2. In the end, we obtain

B[] - E{X:)} = Ev,d [T X}, (A.6)

where we only take the expectation with the summation over those F such that for all: =1,...,m,
A; <+ A; with some j # i, and these are exactly the pairings with Ny(F) > 2. O
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